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Summary

Several improvementsto computationalalgorithmsfor multipoint linkageanalysisaredeveloped.The
new algorithmsachieve considerablespeed-upover previousones,andallow larger familiesto beana-
lyzed. Thealgorithmshave beenimplementedin a computerprogram,Allegro. Allegro hasthesame
basicfunctionality asthe well known Genehunterprogram,includesthe featuresof Genehunter-Plus,
andcontainssomeaddedfunctionality. Among thesupportedfeaturesareparametricLOD scores,al-
lele sharingLOD scores,NPL scoresandhaplotyping. The programis simpleto useandacceptsthe
samedatafile format asGenehunter. It hasbeenusedextensively andtypical speed-upcomparedto
Genehunteris 30-fold.

Thelinkageanalysisof AllegroandGenehunterinvolvesthreesteps.Firstly, determinationof single
point probabilitiesof individual inheritancevectors,secondlymultipoint calculation,wheregenotype
informationonneighboringmarkersis takeninto account,andthirdly scorecalculation.Thebulk of the
time usedby Genehunterinvolvessteps1 and3 andit is herethat the improvementsaregreatest;the
key ideais to make useof treetraversalto avoid repeatedcalculationfor similar inheritancevectors.In
additionthe fastFourier transformsin step2 have beenmadefasterin thenew algorithms.Finally, a
new technique,foundercouplereduction,halvesthe total executiontime andmemoryrequirementfor
many largepedigrees.
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1 Introduction

The first generallyavailablecomputerprogramfor linkageanalysiswasLiped (Ott 1974; Ott 1976),
which cancalculatetwo-point parametric LOD scores for generalpedigreesusingthe Elston-Stewart
algorithm(ElstonandStewart 1971). Laterprograms,in particularLinkage(Lathorpet al. 1984;Ter-
williger andOtt 1994)andFastlink(Cottinghametal. 1993),providemultipointparametricLOD-scores
for a few markers,but theruntimeof theseprogramsgrowsextremelyrapidlywith thenumberof mark-
ers. If themarkersarepolymorphicwith several alleleseach,the maximumnumberof markersthese
programscanpracticallyhandleis 3 or 4. Vitesse(O’ConnellandWeeks1995)adds2 or 3 to thepos-
siblenumberof markers,but therearesomerestrictionson thepedigreestructure.Otherprogramscan
handlespecialpedigrees,for instanceMapmaker/Sibs(KruglyakandLander1995).

Multipoint linkageanalysisfor generalpedigreesof moderatesize,andinvolving many markers,was
first madepracticalin 1996with theintroductionof theprogramGenehunter(Kruglyaketal. 1996).The
run time of Genehuntergrows exponentiallywith pedigreesize(thepedigreein Figure4 is closeto the
largesttractable),but only linearly with thenumberof markers. However, if thereareno loopsin the
pedigrees,therun timesof thelinkageprogramsdiscussedin thepreviousparagraphgrow linearlywith
pedigreesize,sofor themthereis no practicalsizelimit. With Genehunter, multipoint parametricLOD
scoresmaybecalculated,andin additionthesharingscoringfunctions

�
pairsand

�
all (WeeksandLange

1988;WhittemoreandHalpern1994)may be usedto calculatenonparametric linkage (NPL) scores.
Thealgorithmsof Genehunteruseinheritancevectors,introducedby LanderandGreen(1987)whoalso
showedhow to usehidden Markov models (HMM) to calculateprobabilitydistributionsof inheritance
vectors.Theoriginal versionof Genehunteruseda moreor lessdirectapproachto do theHMM step,
but in version1.2thiswasreplacedby afastFouriertransformcalculation(KruglyakandLander1998).

KongandCox (1997)showed thatNPL scorescansometimesbeunacceptablyconservative in the
commoncasethat thegenotypedatais incomplete.They suggestedanalternative, allele sharing LOD
scores,andcreatedamodifiedversionof Genehunter, Genehunter-Plus,to calculatethem.

In thispaperanumberof improvementsto thealgorithmsusedin Genehunterarepresented.A new
computerprogram,Allegro, basedon the new algorithms,hasbeenwritten and is available from the
authors.In additionto thecalculationof parametricLOD scores,NPL scoresandallelesharingLOD
scores,Allegro reconstructshaplotypesin thesameway asGenehunterandestimatesthetotal number
of recombinationsin asimilar way.

Due to the algorithmic improvements,Allegro runs much fasterthan Genehunter. Typically the
speed-upis 20–40fold, but mayin somecasesbeashigh as100-fold. In addition,at a costof 10–30%
in run time, Allegro will, if necessary, useautomaticrecalculationand/ordisk-swappingto cut down
thememoryrequirementsby a factorof 20–60comparedwith Genehunter. However, therun time and
memoryrequirementsof Allegro arestill exponentialin thepedigreesize. Thepedigreein Figure3 is
closeto thelargesttractablewith Allegro,but a little too largefor Genehunter.

Allegro usesthe fastFourier transform(FFT) methodologyof Kruglyak andLander(1998)to cal-
culatemultipoint probabilitiesof individual inheritancevectors. It employs the founderreductionde-
scribedby Kruglyaketal. (1996),reducingthesizeof inheritancevectorsby onebit for eachfounderin
thepedigreeusingasymmetrybetweenthetwo allelesof thefounder. Thecomputationalimprovements
fall in threecategories.Firstly fasttreetraversalis usedin thecalculationof singlelocusprobabilities,
andin thecalculationof bothparametricandnon-parametricscoringfunctions,oftenspeedingcompu-
tationby two ordersof magnitude.Secondly, someclassicalcomputationaltechniqueshave beenused
to speedthe FFT by a factorof threeor four. Thirdly, symmetrybetweenfoundercouplesis usedto
furtherreducethesizeof inheritancevectorsandgainadditionalspeed.
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1.1 Notation

Thefull inheritance vector, � , for apedigreewith 	 non-foundersis anelementof 
 ���� . In otherwords,� is a bit-vectorwith 
�	 binarybits, two bits for eachnon-founderin thepedigree,a paternalbit and
a maternalbit. For a given locus,thepaternalbit expresseswhetherthepaternallytransmittedalleleat
the locusstemsfrom thegrandfather(if thebit is 0) or thegrandmother(if thebit is 1), andsimilarly
for thematernalbit. In themainpaperon theGenehunterprogram(Kruglyak et al. 1996)it wasshown
how onemay insteadwork with reduced inheritancevectors,having ����
�	���� bits where � is the
numberof founders. For eachfounder, the correspondingbit of his or her first child is set to 0 and
not expressedin thereducedvector. Thenumberof possible(reduced)inheritancevectorsis ����
�� .
Genotypeinformationis assumedto beavailableat � marker locations.

The probability of a randomvariabletaking the value � is denotedwith �����! and �����#"%$% denotes
conditionalprobability, so that if & is thegenotypedataat all loci and � is an inheritancevector, then�����!" &' is the probability of � given & . Similarly, if &)( is the availablegenotypedataat locus * , then�����!" &+(, denotestheprobabilityof thevector � given thedataat the locus. This probability, the single
locus probability, is alsodenotedwith -.(/���' . If the locusis understood,thesubscript* is sometimes
replacedwith a family index, 0 , or droppedcompletely.

2 Fast tree traversal

Thebasicstructureof thealgorithmspresentedin Kruglyaketal. (1996),andimplementedin theGene-
hunterprogram,is to loopover inheritancevectorsin theoutermostloopandoverpeoplein thepedigree
in aninnerloop. This appliesto thecalculationof singlelocusprobabilities,parametriclikelihoodand
non-parametricscoringfunctions(

�
pairs,

�
all). Thedrawbackof thisapproachis thatfor eachpairof in-

heritancevectorsthatonly differ for branchesof thepedigree,partof thecalculationfor thetwo vectors
will beduplicated.

Thegist of themethodpresentedhereinvolveschangingtheorderof looping,andtherebyavoiding
theserepeatedcalculations.The innermostsectionsof the algorithmsconsistof looping over inheri-
tancevectorsandpeoplein thepedigreehandin hand.This ideais elaboratedin section2.1wherethe
calculationof the

�
pairs scoringfunctionis takenasanexample.Thereafterthefastcalculationof single

locusprobabilitiesis considered.Thecalculationof
�

all andparametriclikelihoodis thendiscussedin
section2.3.

2.1 Example: Sharing in pairs

Assumethat for eachinheritancevector � a quantity 12���' is wanted.The basicideais to traversethe
pedigreefrom the top down, in fact almostin the sameorderas the pedigreecameinto existencein
reality. Whenachild is born(i.e.,apersonis addedto thepedigree)therearegenerallyfour possibilities
of assigninginheritancevectorbits,dependingontheresultsof theunderlyingmeioses.If (someof) the
bitsaresetto 0 andhidden,therearefewerpossibilities(oneor two). Foreachpossibility, theinheritance
vectoris appropriatelyupdatedandthebranchof thepedigreestartingwith thechild is descended.Thus
in generalfour new iterationbranchesarecreated,but fewer if someof thebits arehidden.A template
algorithmmaybewritten up for this idea. Let � bethe inheritancevectorcorrespondingto thepartof
thepedigreethathasalreadybeentraversed,3 bethebit to beaddedto thevector, and �24 theupdated
vector. Definea collectionof data, 56���7 , with thepropertiesthat it is cheapto calculate58���249 from58���' andthat 12���' is readilycalculablefrom 56���7 . Thecoreof themethodis a recursive algorithm:

addbit( � , 5 , 3 ):
for 3 = 0, 1 do

set �24 = ���;:<3= andcalculate5>4 = 58���249 
if therearemorebits,addbit( � 4 , 5 4 , next bit), else5 4 containsdatafor 12��� 4  .
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Thecalculationis startedoff by executingaddbit with anemptyinheritancevectorand 5 appropriately
initialized. Notethatif thecalculationof 5>4 and 1 areboth ?@��A. thenthetotal time complexity of the
calculationis ?@�B�C .

As an example,considerthe calculationof the
�

pairs scoringfunction (Weeksand Lange1988;
WhittemoreandHalpern1994). Let

�'DFE ���' be the IBD sharingof two people� and - given � (i.e.,� DFE ���' G�IH �JLKNM H �O�KNMQP JRO �%�S:T-, where P JRO �%�U:T-) is 1 if allele 0 of � and allele V of - are IBD and0
otherwise).Then �

pairs���' W� XY D � E�Z
is apair

of affecteds

� DFE ���' \[ (1)

Let the founderallelesbenumberedin ananalogousway to the foundernodesshown in Figure1.
Let * J bethenumberof timesfounderallele 0 turnsup amongtheaffected(given � ), let 1 bethevalue
of
�

pairs for theportionof thepedigreealreadytraversedanddefine 5]�^�_1,:<* � :<* � :`[`[`[a:<* �Tb  . Whena
bit of an unaffectedchild or the first bit of a child with two unhiddenbits is added,5c4d�e5 . When
thesecondor only bit of anaffectedchild is added,let 0 and V bethesourcesof theallelesamongthe
foundersandobtain 5>4 with 1 4Cf 1hgi* J gi* O* 4J f * J gjA* 4O f * O gdA+[
Initially 5 mustbesetto reflecttheIBD sharingamongthefoundersandthechildrenthathavebothbits
hidden.Theallelesourcesof achild areeasilyobtainedfrom theallelesourcesof theparents,usingthe
inheritancevectorbitsof thechild, an ?@��A. operation.Thecalculationof 5c4 is also ?@��A. sotheoverall
calculationwill be ?@�B�C .

k�lmlonpoq=r lCs r,q<t
sukTlonpoq\t smsp/q�r

poq=rI

II

III

n n n n

n n

1 2 3 4

5 6

Figure 1: Examplepedigree. The bits of the inheritancevector and avail-
ablegenotypesarebelow eachindividualand � � :`[v[v[v:��Qw arefounder nodes (see
text). Hiddeninheritancevectorbitsarein squarebrackets.

As anexample,considerthepedigreein Figure1 with the inheritancevectorshown. Thepedigree
membersareidentifiedby generationandpositionwithin the generation;for exampleII � is the third
personin the secondgeneration,countingfrom left. The reducedvector is �x�y�Bz':FA+:FA+:FA+:FA. , and
initially 1{�|A , * � �}A+:<* � �~
2:<* � �|A andtherestof the * J ’s are0. Whenthebit of III � is added(with
value1), 0���� , V���� , 1 is given thevalue A�g�A�g�zG��
 and * � and *o� areincrementedto 2 and1
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respectively. Whenthesecondbit of III � is added(with valuesof bothbits 1, asshown in thefigure),0#�j� , V��d� , and 1 becomes2 + 1 + 0 = 3, thevalueof
�

pairs���' .
The proceduregiven above may be comparedwith the Genehuntercalculationof

�
pairs, which is:

For eachinheritancevectorandeachpairof affectedpeople,calculate
� DFE

andaddto
�

pairs. Thetimere-
quiredfor thisis ?��B��� �  where� is thenumberof affected.In additionGenehunterdeterminesfor each
inheritancevectorthesourceamongthefoundersof eachnon-founderallele,an ?@�B��	� calculation.

2.2 Single locus probability calculation

Thissectiontreatsthecalculationof theprobabilityof eachinheritancevectorata locus,givengenotype
data &+( at the locus(i.e., thecalculationof -F(/���7 for all � ). The 
)� possibleallelesourcesamongthe
foundersarereferredto asfounder nodes andthepopulationallele frequency of anallele � is denoted
with ��� . By Bayestheoremandbecausetheinheritancevectorsareall equallylikely unconditionally,

�����!" &+() W� ����&)(7" �' ������7 ����&)(+ � ����&)(7" �' \: (2)

where � means“is proportionalto”. Considerthe examplein Figure1, wherethe foundernodesare
shown as � � :�� � :`[v[v[v:��Qw . The reducedinheritancevectorshown is (0, 1, 1, 1, 1), andwith this vector,
the sourcesof the allelesof II � are � � and � � , the allelesof II � comefrom � � and � � , thoseof III �
comefrom � � and �Q� andthoseof III � from � � and � w [ With thegenotypedatagivenin thefigure,there
aretwo possiblealleleassignmentsto thefoundernodes,�B�;:<3.:<3a:T�;:T��:<3= and �_3.:T�;:T�;:T��:T��:<3` (in thefirst
case,for example,the notationmeansthat � is assignedto � � , 3 to � � etc.). Thus the probability of
observingthisdatais �6�d� �� � �� �;�Qgu� �� � �� ���=[ (3)

In generaltheprobabilityis givenby

����&+(7" �' ��]X�`���
�Tb�JLK � ���<� (4)

where� is thesetof possiblealleleassignments�>�|�B� � :`[v[v[v:T� �Tb  to ��� � :`[v[v[v:�� �Tb  . By (2) theprobability
distribution of the inheritancevectorsis found by normalizing the numbersgiven by (4). Because
genotypedfounderswill for every inheritancevectorcontributethesamefactorto eachterm,theproduct
in (4) may in fact be taken over just thenodesof ungenotypedfounders.The factorwill be cancelled
out in thenormalization.In theexampleabove, I � andII � alwayscontribute � � � � � � � � to eachterm.

The probabilitiesgiven by (4) may be calculatedfor each � by traversingthe pedigreeas in the
templatealgorithmof section2.1. At eachstagein thealgorithmthe foundernodesareclassifiedinto
threedisjointsets,assigned nodes, unassigned nodes andedge nodes ( � , � and � ). Eachnodein � has
beenassignedanallelebut thenodesin � havenot. � consistsof pairsof nodes,eachpair is joinedwith
anedgewhich is labelledwith two distinctalleles(e.g. �7 +3 ), implying two possiblealleleassignments
to thenodepair ( � , 3 and 3 , � ). If 0¢¡8� , denotethealleleassignedto 0 with � J .

Initially, � consistsof thenodesof thegenotypedfounders,with anedgejoining thetwo nodesof
each,labelledwith his or hergenotype,� consistsof therestof thefoundernodesand � is empty. The
set 5 consistsof thisnodeclassificationandassociatedalleleassignment.Whenbitsof anungenotyped
personareaddedto � , 5 is unchanged.Also, set -7���' to 0 to startwith.

Now assumethata persongenotyped�7 +3 is addedto thepedigreeandtheassociatedunhiddenbits
areaddedto � . Even if oneor both bits arehidden,it is still necessaryto go throughthe following
calculation,but loopingover possiblevaluesof hiddenbits is unnecessarysothetotal time complexity
of the total calculationdoesnot increaseappreciably. Considerfirst thehomozygouscase,�¤£�|3 . The
valuesof theinheritancevectorbitsdeterminethesourcesof theallelesof thepersonamongthefounder
nodes.Let ¥ beanedgejoining thesenodes.Thereare6 possiblecasesfor theplacementof theedge¥
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with respectto thesets� , � and � , indicatedby the6 edgesin Figure2, wherethesecasesarelabelled
with circlednumbers.

Figure2: Classificationof foundernodesandpossi-
bilities for addinggenotypedpersons.

In case1 bothendsof ¥ arein � andthey aremoved to � alongwith theedgeitself labelledwith�7 +3 . In cases2, 3 and4, let ¥¦�^��0T:§V/ with 0�¡¨� . Now the labellingof ¥ is eitherconsistentwith the
currentalleleassignmentor not. If it is inconsistentthepedigreeneednotbedescendedany furtherwith
thecurrentvaluesof thebits, astheprobabilityof all inheritancevectorswith thecurrentbit valuesis
0. In case2 it is only necessaryto checkwhethertheallelesassignedto theendsof ¥ are � and 3 (i.e.,
whether ©.��:<3.ª«�e©.� J :T� O ª ). If they are,the traversingmaycontinuewith 5 unchanged,otherwisethe
assignmentis inconsistent.In case3, simplycheckwhether� J is oneof � and 3 . If it is, assigntheother
oneto V andmove V from � to � , otherwisethe labelling is inconsistent.In case4, checkfirst if � J is
oneof � and 3 andif thisholds,checkwhethertheotheroneis consistentwith thelabellingof theedge� in � adjacentto V,[ If this alsoholds,thealleleassignmentto bothendnodesof � is forcedandthey
aremoved from � to � . Otherwisethe labelling is inconsistent.In cases5 and6 it maybenecessary
to introducean extra loop in the algorithm. Let ¥m����0<:§V/ andfirst set � J ��� and � O �¬3 . If this
assignmentis consistent,move 0 , V , andendnodesof adjacentedgesin � to � andcontinuetraversing.
Thentry � J �d3 and � O �j� , andif consistenttraversewith theresultingassignment.

Thehomozygouscase( �>�d3 ) is very similar to theheterozygousone,andthesame6 casesneedto
beconsidered.Someof thedifferencesarethat in case1 theendsof ¥ aremovedto � insteadof to �
andin cases5 and6 it is never necessaryto introduceanextra loop. Notethat if thereis inbreedingin
thepedigree,it is possiblethat ¥ joinsanodewith itself, whenbothallelescomefrom thesamenode.

Whenthetraversingreachesa leafof thepedigree,� is aparticularinheritancevectorandthesetof
foundernodestogetherwith theset � andthealleleassignmentswill becalledthe founder graph of � .

For theprobabilitycalculationaproductover theedgesassociatedwith � is needed.Let � betheset
of theseandlet thealleleslabelling ¥>¡­� be �/® and 3�® . Eachtime thelastbit of theinheritancevector
hasbeenaddedto � , -7���' is updatedby addingto it:�J �a¯ ���<� �® �+° 
+���<±=� � ± [ (5)

At theendof thetraversing - is normalized.As in (4) it is all right to take theproductsin (5) over just
thenodesof ungenotypedfounders.

As anexample,considerthestepsof thealgorithmleadingto theinheritancevectorshown in Figure
1. Let � J denotethe allele assignedto � J . Initially �²�´³ , �µ�¬©F� � :�� � ª and �¶�¬©F� � :�� � :��Q��:�� w ª
with edgeslabelled �7 +3 and 3` �� joining � � and � � on onehandand � � and �Qw on the other. Adding
thebits of II � givesriseto case6, anda loop over thetwo possibleassignments�B� � :T� � :T� �  ¢���B��:<3a:T�7 
and �_3a:T�;:<3` is generated.For bothassignments�^��©F� � :�� � :�� � ª , ����©F� � ª , and �u��©F�Q�+:�� w ª with���Q��:�� w  labelled 3` �� . Adding thebits of III � againgivesriseto case6, with ¥·����� � :��Q�F labelled �7 �� .
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This time theassignment�B� � :T�2�. ��´�B��:T�' is inconsistentandit is only necessaryto consider� � �¸� ,�2�¹�|� which is consistentandenforces� w ��3 . Thuswhenthebits of the lastperson,III � , areadded� consistsof all the nodeswith � and � empty. Adding thesebits thereforecorrespondsto case2
with ¥­�º�B� � :T� w  labelled �7 +3 andthis is consistentwith both the generatedloops. In the first loop� � � � � � � � � � � � is addedto -7���' andin thesecondloop � � � � � � � � � � � � is added,in accordancewith (3)
(whenloopingonly overungenotypedfounders,�;�.� � and � �� areadded).

2.3 Other applications: Peeling and set sharing

Givenphenotypeandgenotypedatafor apedigree,theparametricLOD scoreatagivenlocusis defined
as »v¼)½ � M!¾ where¾ is thelikelihoodratio,

¾ � ���B¿N" &' �#�B¿2 � HCÀ �#���N" &' ����B¿N" �' �Á H¨À ���B¿Â" �7 :
� is aninheritancevector, ¿ is theavailablephenotype(diseasestatus)dataand & is theavailablegeno-
typedata(at all loci). Themodelis basedon a singlediseaselocuswith two possiblealleles, Ã and � .
Thepenetrancesandpopulationallelefrequenciesareassumedknown. Themostefficientwayto calcu-
late ���B¿Â" �7 is to useapeelingalgorithmasexplainedin theGenehunterpaper(Kruglyaketal. 1996),in
effect a versionof theElston-Stewart algorithm(ElstonandStewart,1971).Hereit is againpossibleto
makeuseof recursive traversalto speedupthecalculation,andthishasbeendonein theimplementation
discussedin section5 below. Theimplementationinvolvestwo typesof peelingoperations,(a) peeling
all thechildrenandoneparenton to theotherparent,and(b) peelingbothparentsandall childrenbut
oneontotheremainingchild. Loopsaredealtwith by breakingthemasin LangeandElston(1975).The
traversalorderis not thesameasin theprevioussection.Insteadasuitablepeelingorderis decidedon,
andthis thendeterminesthetraversalorder. Theinitial loopis over inheritancevectorbitsof childrenin
thefirst peelingoperation,thenext loop is over bitsof childrenin thesecondoperationandsoon. Thus
thefirst operationis only performedoncefor all inheritancevectorsthathave thebits of thechildrenin
thefirst family setin thesameway, thesecondoperationis performedoncefor thevectorsthathave the
bitsof thefirst two familiessetin thesameway, andsoon.

Considertheexamplein Figure1. SupposethatII � , III � andIII � arepeeledontoII � first. This will,
for eachpossiblesettingof the last3 bits in the reducedinheritancevector, involve thecalculationof
four numbersassociatedwith II � , namelytheprobabilitiesof his genotypebeing Ã¹Ã , ÃÄ� , �`Ã and �=�
given the inheritancevectorandthe fact that his childrenareaffected. His wife andchildrenwill not
entertherestof thecalculation.

Thesetsharingscoringfunctionintroducedby WhittemoreandHalpern(1994)is definedas

�
all ���' W�d
/Å � X�Æ �Tb�JLK � 3 J �_ÇÂ \È (6)

where � is thenumberof affectedindividuals, Ç is a selectionthatpicksoneof thetwo allelesof each
affected,3 J �_Ç; is thenumberof timesfounderallele 0 appearsin Ç (given � ), andthesumis takenover
the 
 � possiblewaysof choosingÇ . Thecomputationalcomplexity of (6) is clearlylarge.Takenat face
valueit requiresapproximately
)�!
 � multiplicationsfor eachinheritancevector, or about �!
 � 4 ��� Å b 4 �
multiplicationsfor themall. Usinga slightly modifiedversionof thealgorithmin section2.1 thetotal
complexity canbebroughtdown to around
 � 4 ��� Å b multiplications.

3 Fourier transform and transition

Multipoint calculationsareperformedusingahiddenMarkov model(HMM, agoodreferenceis Rabiner
1989)asproposedby LanderandGreen(1987).At amarker locus * , let É�('���' denotetheprobabilityof
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aninheritancevector � giventhegenotypedataat all loci to theleft of * (i.e. loci 0 with 0�Ê~* ) andletË ('���' denotetheprobabilityof � giventhegenotypedatato theright of * . In thefollowing theproduct��Ì of two vectorsdenotesthevectorwith 0 -th component� J Ì J , andthedifferencebetweenbit-vectors
is takenmodulo2, so that �6�¤Ì is 1 in positionswhere � and Ì differ and0 wherethey arethesame.
Let therecombinationfractionbetweentwo adjacentloci, Í and ÍÂÎ , be Ï , andlet Ð!Ñ>¡¨Ò ��Ó denotethe
transitionprobabilitiesbetweenthem,sothat ��� vectoris � at ÍC" vectoris Ô at Í Î  ¢�dÐNÑ)���>�¨ÔÄ . ThenÐ!Ñ+��Õ! W�jÏ×Ö Ø/ÖÙ��Ah�mÏ/ � Å Ö ØoÖ , where " Õ#" denotestheweightof Õ (thenumberof 1 bits in Õ ). Bayestheorem
impliesthattheprobabilitydistribution of thevectorsat locus * , giventhedatato theleft of * andat * ,
is proportionalto É�(a-F( andthereforeÉ�( 4 � � �BÉ�(a-F(+ WÚ¢Ð!Ñ�Û , where Ï�( is thedistancebetweenmarkers *
and *·gjA and Ú is convolution, �_�«Ú�&' =���N W�¶X À �9�����C�7 §&Â���' \[ (7)

In the sameway, Ë ( � � Ë ( 4 � -F( 4 �  �ÚÜÐ!Ñ Û . The probability distribution of the inheritancevectorsat *
givengenotypedata& atall loci maythenbeobtainedthrough���Ý$�" &' � É�(�-F( Ë (2���7 .

A way of calculatingtheconvolution (7) usinga fastFouriertransform(FFT) is givenby Kruglyak
andLander(1998).TheFouriertransform Þ� of � is definedthroughÞ����ÔÄ W� X À ���·A. Ö À<ß Ö �9���7 \:
andtheinversetransformis obtainedthrough Þ�G�d
 �cà� . Fromthis it follows that �¹Ú!&>�|�QÞ� Þ&× �á . At face
valuethecalculationof �âÚ¢& using(7) requires
 � � multiplicationsandthesamenumberof additions.
Howeverwith theFFT Þ� maybecalculatedusing �S
 � additionsandnomultiplications(seesection3.1),
andfurthermoreKruglyak andLandergive a closedform for ÞÐ!Ñ . Thusthetotal calculationtime for (7)
is broughtdown to about 
�� multiplicationsand 
��S
�� additions.

Notethe importantproperty, that the transitionprobability from � to Ô only dependson thediffer-
enceÔã�¨� . ThattheFouriertransformis applicaplein thiscalculation,dependson this fact.

3.1 Faster FFT

TheFFTalgorithmfor Þ� describedby KruglyakandLander(1998)andusedin theGenehunterprogram
is to set � M �d� andthencalculatingfor 0 = 1, 2, ..., � :� J ���' ��|���·A. À � � J Å � ���' Qg�� J Å � �����ä¥ J  (for all � in 
��� ) (8)

where ¥ J is the 0 -th unit vectorand � J overwrites � J Å � in memory. After this calculation � � containsÞ� . The numberof additionsfor the calculationis �S
 � . However, on moderncomputerswith several
CPUregistersandcachememory, thetime requiredfor thecalculationmaynot simply begovernedby�S
 � . Accessingtheregistersis fastest,accessingthecacheis slower andthemainmemoryis slowest.
If the programcalculates(8) by looping over all possiblevaluesof � , and � is so large that � J does
not fit into thecacheall at once(typically for � larger thanabout13) frequentswappingof datain and
out of the cachewill result. To reducethe necessaryswapping,onemay recursively make useof the
propertyof theFourier transformthat if � is partitionedinto two equallysizedsubvectors,�m�]��&�:<Ç; ,
then Þ�ä�^� Þ&�g}ÞÇS: Þ&��dÞÇN . Now partition & and Ç similarly andsoon, until eachsubvectorfits into the
cache.Thenuse(8) to find thetransformof thesubvectors.Notethatbecausethesizeof � is a power
of 2, thesubvectorsin eachpartitioningcanbemadeequalin size.

Thedirect implementationof (8) involvesnestedloops, 0 is loopedover in theouterloop and å in
theinnerone.To takeadvantageof thefastCPUregisters,(8) maybeimplementedby “unrolling” these
loops. An exampleof unrolling is to rewrite the programfragment“ for 0·�æA+:`[v[v[v:<
 , for Vä�æA+:`[v[v[v:�0 ,
let � JRO f 
+� J Å ��� O ” as“ � ��� f � M � ; � ��� f � ��� ; � ��� f � �§� ”. An extra bonusmay be that unrolling
eliminatesthebookkeepingcostof loops. Thenumberof floatingpoint registersin moderncomputers
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is typically 16 or 32, andit turnsout that for larger � theoriginal not unrolledversionof (8) is faster
thantheunrolledversion,possiblybecausethenthe � J donotall fit into theregisters.Theoptimalvalue
of thelargest � for whichunrollingwill payoff is somewhatdifferentbetweencomputers.

A final rathertrivial improvementis to replacemultiplicationby 2 thatentersinto theimplementation
of (8) by theleft shift operator<<.

To assessthe speed-upattainableby thesemodificationsof the FFT algorithm, timing testswere
carriedout for severaldifferentvectorsizeson four differentplatforms.Loopswereunrolledfor all �
lessthana given parameter, MAXUNLOOP andthe testsincludedtrying out differentvaluesof this
parameter. Theplatformstried were: (1) SunUltra Enterprise450runningSolarisusingtheGnuC++
compiler, (2) thesamecomputerusingthenativeCC compiler, (3) 200MHz DecAlphawith GnuC++,
and(4) 500MHz PentiumIII runningLinux with GnuC++. For 12bit vectorstheaveragespeed-upwas
by a factorin therange2.4–3.3(2.8on average),for 15,18 and21 bits by a factorin therange2.8–5.3
(average3.5), and for 24 bits the speed-upwassomewhat lower, in the range1.9–2.7(average2.4).
Thesevaluesincludethesaving obtainedthroughusingrecursion(25–75%),loop unrolling (25–75%),
and the left shift operator(5–10%)andarebasedon choosingMAXUNLOOP asthe value that was
mostoftenoptimalon eachplatform(3 for bothcompilerson theSun,2 for thePentiumand4 for the
DecAlpha).

4 Founder couple reduction

Thefounderreductiondiscussedabove andemployed in Genehunterresultsin considerablesavings in
computertime,oftenby severalordersof magnitude.For eachfounderin thepedigreethetimerequired
is halved. A brief overview of themathematicsbehindthefounderreductionis givenhere,followedby
adescriptionof thenew foundercouplereductionandthemathematicalcomplicationsit introduces.

The founderreductionis basedon thesymmetrythatexists betweenthe two alleles/haplotypes of
a founder. More specifically, let � bea configurationof the inheritancevectorwithout founderreduc-
tion. Suppose,for a male(female)founder, that � Î is obtainedby adding1 (mod2) to all thepaternal
(maternal)bits of his (her) offspring. The two configurations� and �oÎ areindistinguishablebasedon
theobservedgenotypedata,i.e., �#���oÎ§" genotypedata W�¤�����N" genotypedata , andcanbegroupedinto an
equivalenceclass. Onerelevant featurehereis that the equivalenceclassesagainform a groupunder
addition(mod 2). Notice that for any two configurations� and Ô , the four cases,���cg�Ô{ , ���cg�Ô�Î� ,��� Î gãÔÄ and ��� Î g�Ô Î  , all belongto the sameequivalenceclass. Indeed, ���cg�Ô{ ¦����� Î g�Ô Î  , and����g�Ô�Î� ��´���oÎ7giÔÄ ��´���¦gçÔ{ èÎ . As a result,a stepin theHMM calculation(e.g.,thecalculationofÉ�( 4 � from É�(a-.( ) correspondsto aconvolution,andtheFouriertransformapproachwill continueto work.
Kruglyak andLander(1998)show how to calculatetheFouriertransformof thetransitionprobabilities
for theequivalenceclasses.

Considera pedigreewhich hasa couplewho areboth founders(foundercouple),have at leastone
grandchild,arebothnot genotypedanddo not have childrenwith othermates.Thesymmetrybetween
the membersof this couplecan be usedto further reducethe amountof computationand memory
requirementsby approximatelya factorof two. Specifically, for eachgrandchildof thefoundercouple,
definethe ‘correspondingbit’ asthe paternalbit if the fatherof the grandchildis the offspring of the
foundercouple,anddefinethe ‘correspondingbit’ asthe maternalbit if the motherof the grandchild
is the offspring of the foundercouple. Let � be someconfigurationof the inheritancevector, andlet�2é be like � with two modifications: (1) 1 is added(mod 2) to the correspondingbit of eachof the
grandchildrenof thefoundercouple,and(2) thepaternalbit andmaternalbit of eachchild of thefounder
coupleareswitched.If thefoundercouplearenot genotyped,thenthedatacannotdistinguishbetween� and �2é . Hence� and �2é canagainbegroupedinto anequivalenceclassasin thecaseof thefounder
reduction.

Thereis, however, onecomplication.Theequivalenceclassessocreateddo not form a groupunder
addition (mod 2) as illustratedby the following example. Focuson 3 bits wherethe first bit is the
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correspondingbit of a grandchildof the foundercouple,andthesecondandthird bits arethepaternal
andmaternalbits of an offspring of the foundercouple. Let �ç����A+:Tz':Tzo and Ô²�I��A+:Tz':FA. . Then����g�Ô{ ê�]�Bz':Tz':FA. and ����giÔÄ �é¦�´��A+:FA+:Tzo , but ���'é¢gçÔ{éF ��´�Bz':Tz':Tzo Wg¶�Bz':FA+:Tzo Ä�^�Bz':FA+:Tzo . Since��� é guÔ é  is neitherequalto ���¹guÔ{ nor ���¹giÔ{ é , ���¹giÔ{ and ��� é guÔ é  do not belongto thesame
equivalenceclass.Becauseof thiscomplication,theHMM calculationof themultipointprobabilitiesof
theequivalenceclassesno longercorrespondto aconvolution,andhenceonecannotapplythetheoryin
Kruglyak andLander(1998)directly to handletheFourier transforms.Our solutionto this problemis
to performtwo separateconvolutions,insteadof one,andthentakingthesum.Thecomputationaltime
canstill behalved,becausetheingredientsthathave to bepreparedfor performingthetwo convolutions
areessentiallythesame.Thedetailsareleft to theinterestedreader. Thetechnicalitiesmaybededuced
from thesourcecodeof theprogram.

With thefounderreductionandthefoundercouplereduction,theeffective numberof bits for both
computationaltimeandmemoryrequirementsis 
�	´�¨�6�C� where� is thenumberof foundercouples
satisfyingthestatedconditions.

5 Implementation: Allegro

Themethodsdescribedin thispaperhave beenincorporatedin acomputerprogramfor multipoint link-
ageanalysis,Allegro, which is availablethroughthe internetsitehttp://www.decode.is/allegro andthe
emailadressallegro@decode.is.As statedin theintroduction,Allegro hasthesamebasicfunctionality
asGenehunter, but also includesthe functionality of Genehunter-Plus. ThusAllegro calculatesmul-
tipoint parametricLOD scores,NPL scores,allele sharingLOD scores,reconstructionof haplotypes,
estimatedrecombinationcountbetweenmarkers (observed map),p-valuesfor NPL scores(basedon
perfectdataapproximation),andentropy information. TheX chromosomeis supportedin all calcula-
tions.

The major advantageof Allegro over Genehunter/Genehunter-Plus is its speedandreducedmem-
ory requirement.In additionAllegro offerssomefunctionalimprovements,asdetailedin thefollowing
subsections.Theadd-onsincludeadditionalscoringfunctions,alternative informationmeasure,simula-
tion of thecrossover processunderthenull (i.e. no linkage)givenall thegenotypedata,andsimulation
of multipoint genotypedataunderthe alternative of a singlegeneparametricdiseasemodelgiven the
phenotypes.

Themainspecificlimit in Allegro is thatthesizeof inheritancevectorsafterbit reductionmustnot
exceed31 bits. Thereareno specificlimits on thenumberof markersor founderswhereasGenehunter
hasa limit of 50 markersand16 non-founders.

Onefurtheradvantageof Allegro is that multiple analysesmaybe performedtogetherat little ex-
tra cost. For exampleit can in one run fit several different parametricmodels,useseveral different
scoringfunctionsand/orfamily weightingschemes,or computebothsinglepoint andmultipoint LOD.
Genehunteris limited to oneparametricandonenon-parametricmodelperrun.

Allegrohasbeentestedextensively atDecodeGenetics.It hasbeenusedto analyzeseveralthousand
pedigrees,theoutputhasbeencomparedwith that from otherlinkageanalysisprograms(Genehunter
andLinkage)anda fair amountof effort hasbeenput into eliminatingprogrammingerrors.

5.1 Statistical inference

For multipoint linkageanalyses,Allegrosupportsbothclassicalparametricmodels,andthealleleshar-
ing modelsdescribedin KongandCox(1997).For compatibilitywith Genehunterit alsocalculatesNPL
scores(asdefinedby Kruglyaketal.,1996).Comparedto theparametricLOD scores,thedefinitionand
interpretationof theallele sharingLOD scoresarelesswell known, andso a brief review is provided
here.ThescoringfunctionsandweightingschemesthatAllegroprovidesfor allele-sharingLOD scores
will alsobedescribed.
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In thefollowing, subscript0 denotesdependenceon the 0 -th family, andthenotation‘ HCÀ � [v[v[ ’ means
summingover all configurationsof the inheritancevectorof family 0 . Givena non-parametricscoring
function suchas

�
pairs or

�
all, definedin (1) and (6), let

� J be the scorefor family 0 and 
 J be the
standardizedform of

� J , i.e., 
 J �]� � J �äë J  � �ì J where ë J and ì J arethemeanandstandarddeviation
of
� J underthenull hypothesisof no linkage.For any locus,theNPL scoreis definedasí�îðï � H J Í J×ñ
 Jò H J Í �J

where ñ
 J is the expectationof 
 J conditionalon the genotypedata,i.e., ñ
 J �óH À � �#��� J " & J  �
 J ��� J  (as
before���Ý$�" & J  denotesthedistributionof inheritancevectorsin the 0 -th family andatthelocusof interest,
conditionalon all the genotypedataon the family, andunderthe null hypothesisof no linkage). TheÍ J ’s arefamily specificweightswhich Genehuntersetsto beequalfor all families.Whenthegenotype
dataprovide completeIBD informationso that ñ
 J �ô
 J , the NPL scorehasmean0 andvariance1
underthe null hypothesis.To obtainp-values,onecaneitherusea stardardnormalapproximationor
evaluatethe exact distribution of the NPL scoreassumingcompleteIBD information. But, whenthe
IBD informationis incomplete,thesewaysof calculatingp-valuestendto beconservative, becausethe
varianceof theNPL scoreis now smallerthan1 underthenull hypothesis.

To resolve theproblemof theconservativeness,KongandCox(1997)proposedtwo models,a linear
model andanexponential model, which arebothcloselyrelatedto theNPL score.In the linearmodel
theprobabilityof aninheritancevector � J for the 0 -th family, at thelocusof interest,is modelledas

����� J " õ+ ö� � JÂ÷ A�g õ`Í JTø � J ��� J  #�Cë J�ùì J ú [
Here � J is A. �� J (theprobabilityof � J underthenull hypothesisof no linkage). Thelinearparameterõ
canbe thoughtof asmeasuringthesizeof thegeneticeffect andis 0 underthenull. Theexponential
modelis formulatedas

����� J " õ+ û� � J Ë J �_õ� /ü=ý'þ ÷ õFÍ JTø � J ��� J  #�¨ë JLùì J ú
where Ë J �_õ� is anappropriaterenormalizationconstantthatensuresH À � ����� J " õ� {�^A (e.g., Ë J �Bzo ê�]A ).
Again õ is 0 underthe null and large for a large geneticeffect. For both the linear model and the
exponentialmodel,theLOD scoreis definedasï�ÿ�� �j»L¼)½ � M ����&N"BÞõ, ����&N" õ·�dzo � X J »v¼)½ � M ����& J "�Þõ+ �#��& J " õÄ�jzo 
where Þõ is the maximizerof ����&N"BÞõ, . Computationally, one takes advantageof the propertythat the
distribution of & J dependson õ only through � J , which meansthat �#��& J " � J :<õ� Ä�¶����& J " � J :<õ6��zo . Also
recall that ����& J " � J  denotestheconditionalprobabilityassumingno linkage,so that ����& J " � J :<õ8��zo Ä�����& J " � J  . It follows that�#��& J " õ� û� X À � ����& J :�� J " õ+ W�~X À � ����& J " � J :<õ+ ������ J " õ� ð�~X À � ����& J " � J :<õ·�jzo ������ J " õ+ � X À � ����& J " õ·�jzo ����� J " õÄ�jzo ����� J " & J :<õÄ�jzo ������ J " õ+ � � J �#��& J " õ·�ãzo X À � ����� J " & J  ������ J " õ� 
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and ï#ÿ�� � X J »v¼)½ � M H À � ����� J " & J  ������ J "BÞõ) H À � ����� J " & J  ������ J " õ·�jzo 
� X J »v¼)½ � M HCÀ � ����� J " & J  ������ J " Þõ+ HCÀ � ����� J " & J  =��A. �� J  � X J »v¼)½ � M X À � �#��� J " & J  ��#��� J "BÞõ) !g�X J »v¼)½ � M � J [

For thelinearmodel,it is shown by KongandCox thattheLOD scorecanbefurthersimplifiedtoï#ÿ�� � X J »v¼)½ � M ��A¢g Þõ`Í J ñ
 J  \[
For both the linear andexponentialmodels,the LOD scorecorrespondsto a standardlikelihoodratio
statistic,i.e., 
#»��·A`zN$ LOD hasasymptoticallyachi-squaredistributionwith onedegreeof freedomunder
thenull. Indeed,sincethesignof Þõ is relevant,define 
 lr � sign�`Þõ) ��8�_
#»��¹A`z·$ LOD  . Asymptotically,
underthenull, 
 lr hasastandardnormaldistribution,andapproximatep-valuescanbecomputedbased
onthat.Forbothmodels,õ���z correspondsto excesssharing( �â� 
 J  	��z ) while negative õ corresponds
to deficit sharing( �«� 
 J  ÜÊçz ). Hence,whentestingfor linkage,it is naturalto focuson positive values
of õ . For example,KongandCox definetheLOD scoreby maximizingonly over positive valuesof õ .
In Allegro õ is maximizedover bothpositive andnegative valuesfor the following reasons:(1) while
a substantialLOD scoreassociatedwith a negative Þõ is not evidencefor linkage,it maysuggesterrors
in thedata,(2) a locuswith a negative Þõ valueis evenmoreunlikely to bea susceptibilitylocusthana
locuswith Þõ aroundzero,(3) by allowing Þõ to benegative, thereis a directcorrespondencebetween
 lr

andtheNPL score,i.e., they shouldbecloseto eachotherfor large samplesif the IBD informationis
complete,and(4) somemeasuresof information(seebelow) requirethat Þõ beallowed to be negative.
Observe that it is very importantto noticethesignof õ wheninterpretinga LOD score.Indeed,when
theresultsaredisplayed,plottingeithersign�=Þõ, U$ LOD or 
 lr is recommended.

When õ is small,thelinearandexponentialmodelsareverysimilar. With largesamplesandcomplex
diseasesthis is likely to bethecase,andtheLOD scoresof thetwo typesof modelarelikely to bevery
similar. Also, if the IBD information is complete,thenthe NPL scoreis the classicalefficient score
statisticfor both models,which meansthat the test basedon the NPL scorewill be very similar to
the testsbasedon theLOD scoresof the two models.Indeed,whenthe IBD informationis complete,
there is a one to one correspondencebetweenthe NPL scoreand the 
 lr scorefor the exponential
model,whichmeansthatthetestsbasedon thetwo statisticsareformally equivalent.However, normal
approximationtendsto work betterwith 
 lr thanthe NPL score(seeNicolaeet al. 1998). Badneret
al. (1998)comparedNPL scoreswith the LOD scorescomputedwith the linear modelandfound the
latterto have morepower andto bebettercalibratedin all casestested.In their study, theNPL scoreis
soconservative that thepower is sometimesevenbelow thenominalTypeI error. This is becausethey
performtwo-pointanalysesandtheinformationis very far from complete.

As a default, we recommendthe exponentialmodelover the linear model,althoughthe former is
not inherentlysuperior. As noted,theexponentialmodelis morecloselyrelatedto theNPL score.Also,
normalapproximationcanwork betterfor the 
 lr of the exponentialmodel thanthe 
 lr of the linear
modelwhenthereareasmallnumberof families,or thefamiliesareverydifferentin size.In thissense,
theexponentialmodelis morerobust.

Themainoutputfiles of Allegro for allelesharingcontainthevaluesof Þõ , theLOD score,
 lr , and
the NPL score. For equalweightingof the families ( Í J �IA for all 0 ), the NPL scorecomputedby
Allegro is exactly the sameasthe NPL scorewhich Genehuntercalculates.The files alsocontaina
measureof theinformationcontainedin thedataat eachlocus,bothfor individual families,andfor all
thefamiliescombined.Thecombinedinformationmeasureis givenby equation(2.2)in Nicolae(1999);
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it is alwaysin theinterval ø z':FA ù andis 1 if theinformationon the
� J ’s is complete(i.e., if thegenotype

datauniquelydeterminesthesharingbetweenaffecteds).It is moredifficult to defineagoodper-family
informationmeasure;a reasonablechoiceis theonegivenby equation(2.4) in Nicolae(1999),andthis
is whatAllegrouses.Oneof thedrawbacksof thismeasureis thatit is notguaranteedto bepositive. In
additionto thesemeasures,Allegro cancalculatetheentropy information 
 ° of Kruglyak et al. (1996),
as Genehunterdoes. Note that becauseof the foundercouplereductionthe valuesof 
`° calculated
by Allegro canbe different from thosecalculatedby Genehunter. For example,if therearedataon a
cousin-pair, but noton theirparents,andahighly informative marker impliesthatthecousin-pairshares
oneallelewith probabilitycloseto one,then 
`°��^A. +
 for Genehunter, but 
`°���
, �
 for Allegro. If
perfectly informative genotypesarealsoavailable for all four parentsof the cousins,then 
 ° ��
, a�
for Genehunter, but for Allegro 
`°i��A . This examplehighlightsthefact that theinformationmeasure
producedby Genehuntercanbe substantiallybelow 1 even whenthereis no more informationto be
gainedregardingallelesharingof theaffecteds,andfurthergenotypingcanbeawasteof resources.

Allegro supportsfive scoringfunctions,
�

pairs,
�

all,
�

robdom,
�

mnallele and
�

homoz.
�

mnallele is minus
the statistic(A) of SobelandLange(1996)and is called

�
–#alleles in McPeek(1999). It is designed

to be appropriatefor a recessive disease.
�

robdom was introducedby McPeek(1999)andis designed
to be appropriatefor a rare dominantdiseasewith somephenocopies.

�
homoz is like

�
pairs, except

thatwhenthereis inbreedingandan individual is homozygousIBD hemay contribute to thescoring.
McPeek(1999)discussesthedifferentscoringfunctions,andin summarysherecommends

�
pairs asa

compromisechoicefor a scoringfunctionthatperformswell over all diseasemodels.Shefinds
�

robdom

to beslightly morepowerful than
�

all (andeasierto calculate)in thedominantcases,andrecommends�
mnallele for recessive diseases.

Allegro canacceptthefamily weights Í J in threedifferentways: (1) all weightsaresetto 1 (equal
weights,correspondingto theweightingschemeof Genehunter),(2) for agiven 1 , theweightsaresettoì��J for all 0 , and(3) theweightsarespecifiedfor eachfamily individually. Option(2) is mostmeaningful
whenusedwith thescoringfunction

�
pairs. Here,choosing1���z correspondsto puttingmoreweight

on larger families(with moreaffecteds).Choosing1·�¸A meansthe
� J , insteadof the 
 J , areweighted

equallyandcorrespondsto weightingall affectedpairsequally. Lange(1997,pp. 96–97)discusses
different weighting schemesand suggestsusing a generalizationof the schemeproposedby Hodge
(1984),asa compromisebetweenweightingfamiliesequally(option(1) or 1��xz ) andweightingwith18��A . Oneway of obtainingsucha compromiseis to set 1G��A. +
 , which currentlyis our preferred
default,andshouldbequitecloseto theweightingschemesuggestedby Lange.Option(3) providesthe
userwith completeflexibility, andcanbeusedto performthetypeof conditionalanalysisdescribedin
Coxet al. (1999).

5.2 Haplotyping and Simulation

Haplotypingis an importantingredientin locatingdiseasegenes,andasstatedabove, Allegro recon-
structshaplotypesapproximately. Definean inheritance vector path to bea setof inheritancevectors,
oneat eachlocus. Thehaplotypereconstructionis obtainedby first calculatingthemostlikely inheri-
tancevectorpath,usingtheViterbi algorithm(Viterbi 1967),which is anapplicationof dynamicpro-
grammingto hiddenMarkov models.Having obtainedthis, themostlikely alleleassignmentfor each
vectorin thepathis foundusingthecorrespondingfoundergraphs(seesection2.2),thusproducingthe
desiredhaplotype.Thehaplotypeproducedis thesameasthatgivenby Genehunter, but thealgorithm
in Allegro takes advantageof both the founderreductionand the foundercouplereduction,whereas
Genehunterworkswith full inheritancevectors.This is theprimaryreasonfor thelargespeed-upof the
Allegro haplotypingcomparedwith thatof Genehunter, exhibitedin thenext subsection.Theprogram
Simwalk2 (Sobelet al. 1996)usesthe samemodellingfor haplotypingbut the first step(i.e., finding
themostlikely inheritancevectorpath)is solvedapproximately. Notethatthis typeof modellingis not
guaranteedto find themostlikely haplotype,but theresultshouldbereasonablyclosein mostcases.
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Allegro offers two typesof simulation,the crossover processmay be reconstructedby simulation
giventhegenotypes(assumingno linkagewith a disease),andgenotypesmaybesimulatedgivenphe-
notypesanda singlegeneparametricdiseasemodel. The first type of simulationessentiallyinvolves
drawing a randominheritancevectorpathfrom the conditionaldistribution of suchpaths(conditional
on thegenotypedata). This randomdraw usestheprobabilities-F( and É�( (seesection3). Thesecond
typeof simulationis carriedout in threestages.In thefirst stagepeelingis usedto obtainthedistribu-
tion of inheritancevectorsat thediseaselocusgiventhediseasemodelandthephenotypes.Thesecond
stagedraws an inheritancevectorfrom this distribution andthe third stageinvolvesgeneratingall the
genotypedataby simulatingthecrossover processin bothdirectionsfrom thelocus.

5.3 Observed Map

As Genehunter, Allegro computesan ‘observed’ map,but this mapis definedslightly differently from
thatof Genehunter. For two adjacentmarkers,Genehunterfirst calculatesthe‘observed’ recombination
fraction ÞÏ¹� �â���������Nü��#¼����<ü �=¼!����"#�%$�&'"v¼!�%(." &�:'"#�7þ��)&*�+$+þÂ 

���%�,�Nü��U¼��-�>ü "v¼!(Tü (
where & denotesall the genotypedata. Then the Haldanemap function is usedto convert ÞÏ to the
‘observed’ geneticdistance,i.e., Þ�8�}� A
 »��!��A�� 
UÞÏ/ \[
By contrast,our ‘observed’ geneticdistanceis defineddirectlyas

.�6� �â�����%�,�Nü��U¼��-�/�T¼!('(T¼10)ü��2()" &�:'"��7þ3�)&��+$+þ; 
�������Nü���¼��*�>ü "L¼!(�ü ( [

Theunitsof both Þ� and
.� arein Morgans;multiplying by 100convertsto centiMorgans(cM). Also, for

bothGenehunterandAllegro, Þ� and
.� for thewholechromosomearecalculatedby summingover theÞ� ’s and

.� ’s of adjacentmarker pairs.
The differencebetween Þ� and

.� is subtleand tendsto be small whenthey arecalculatedfor the
combineddataof many families,but thedifferencecanbesubstantialfor anindividual family. Consider
a family consistingof a sib pair andthetwo parents.Whenthemarkersareperfectlyinformative, it is
possibleto deducewhetherthetotalnumberof recombinationsof thetwo paternalmeiosescombinedis
odd(one)or even(zeroor two), andsimilarly for thematernalmeioses.But thereis no directevidence
on whethera particularmeiosishasa recombination.For two adjacentmarkers,supposetwo recombi-
nationsareobserved,onein thetwo paternalmeiosesandonein thetwo maternalmeioses,then ÞÏ is 2/4
and Þ� is formally infinity. In this situation,Genehuntersets Þ� , somewhatarbitrarily, to be999.9cM. If
thetwo adjacentmarkersarespecifiedas10 cM apartby theinputmap,then

.� = 50.7cM.
For two markersthatare10cM apart,thechanceof having two recombinations,onefor thepaternal

meioses,andonefor thematernalmeioses,is 0.027.However, given31 markerson a chromosome,10
cM apart,thechanceof this happeningfor at leastonepair of adjacentmarkersis over 50%. It means
that,if themarkersareall completelyinformative, then Þ� for thewholechromosomewill beinfinity (or
999.9cM with theGenehuntertruncation)for morethanonehalf of thesibpairs.Also, two differentsib
pairswhichhavethesamenumberof recombinationsoverthesamechromosomecanhaveverydifferent
valuesof Þ� if onepairhappensto haverecombinationsfor boththematernalandpaternalmeiosesin the
samemarker interval, andonepair doesnot. By contrast,

.� for thechromosomewill be thesamefor
thesetwo sib pairs. In general,we feel that

.� is moreappropriatewhenthe ‘observed’ mapis usedto
assesswhetheran individual family hasan unusualnumberof recombinations/crossovers, which may
resultfrom genotypingerrorsor misspecifiedrelationships.Also worthnotingis thattheexpectationof.� is exactly theactualgeneticdistanceif theinput mapis correct,and

.� for thefamiliescombinedis a
weightedaverage(weightedby thenumberof meioses)of the

.� ’s of theindividual families,properties
thatareobviously not sharedby Þ� .
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Finally, notethatit makessenseto focusonly onmeioseswhichonecanpotentiallyhaveinformation
on recombinations/crossovers. Specifically, if a founderhasa singlechild, thenthedatacannotprovide
any crossover informationregardingthatmeiosis.With Allegro,thesemeiosesareleft out for thecalcu-
lation of

.� in boththenumeratoranddenominator. Genehunteralsoattemptsto do that. However, it is
notconsistentin how it treatstheindividual familiesandthefamiliescombined.Themostcuriousthing
is that in the calculationof ÞÏ for the familiescombined,the numeratorincludesthesenoninformative
meioseswhile thedenominatordoesnot.

5.4 Run time experimentation

Allegro hasbeentimed againstversion1.3 of Genehunter(timing trials indicatethat the morerecent
version2 of Genehunteris in factslowerthanversion1.3),andtheresultsfor four differentpedigreesare
summarizedin Table1. ThepedigreeF24is shown in Figure3, F18is obtainedfrom this by removing
individuals III 4 , III 5 andIII ��� (i.e. individuals7, 8 and11 in the third generation,countingfrom the
left), F12is obtainedby furtherremoving III � , IV � andIV � , andFLoopis shown in Figure4. Artificial
sampledata(basedonrealdata)for 50markerswasanalyzedandNPL scoresaswell asparametricLOD
scoreswerecalculatedatmarkersandatonelocusmidwaybetweeneachpairof markers.Theruntimes
for Allegro includethe time neededfor allele sharingLOD scores.To obtain thesewith Genehunter
requiresthemodifiedversionGenehunter-Plus,but therun time increaseis negligible. In the testdata
thereare2.2%missinggenotypes(for thegenotypedindividuals)in F24,2.0%missingin F18,1.4%in
F12andin FLoop4.8%of thegenotypesaremissing.

Table1 givesresultsof therun time experimentationon a SunUltra Enterprise450computerwith
2 Gb of memory. Eachrun consistsof oneparametricandonenonparametricanalysisfor 50 markers.
Noticethehalvingof executiontime whenthefoundercouplereductionis usedfor F12,F18andF24,
and that this saving is fourfold for FLoop which hastwo foundercouples. Recall that to make this
reductionpossible,themembersof thefoundercouplesmustnot begenotyped.Theoreticallythetime
complexity of the FFT, which is the dominatingcalculation,is of the orderof �S
 � where � is the bit
size.Therun timesshown in thetableroughlyconfirmthis. Notethatdisk swappingandrecalculation
slow the F24 calculationsomewhat. Run timesfor 14, 16, 20 and22 bit pedigrees,alsoobtainedby
deletionof ungenotypedleavesfrom F24,wereobserved to bein line with thenumbersgiven in Table
1. GenehuntercannothandleapedigreelargerthanF18for 50 markerson thiscomputer.

Timing experimentswere also carriedout on a 500 MHz PentiumIII computerrunning Linux.
Somewhatdisappointinglythespeed-upfactorsof Allegro comparedwith Genehunterturnedout to be
lower thanon theSun. Theaverageof all the factorsin Table1 is 44.8,but thecorrespondingaverage
for thePentiumis 33.8.

Table2 shows theproportionof the total time spenton individual stepsin the multipoint analysis
of thepedigreesF18andFLoop,bothfor Allegro andGenehunter. Thecomputationis thesameasfor
Table1, without haplotypingandwith foundercouplereduction. The figuresfor Genehunterare for
versions1.2or 1.3,which have identicalcomputationalengines.Thenumbersfor bothprogramswere
obtainedby runninga profiling program,andthenconfirmedby multiple runs,choosingin thecontrol
files differentanalysesto be performedin eachrun. The breakdown is (obviously) moreaccuratefor
Allegro, but shouldbefairly accuratefor Genehunteralso. The largespeed-upobserved for thesingle
point calculationandpeeling(for parametricscore)is effectedby the fast treetraversalmethodology
andthefoundercouplereduction(which doublesthespeedfor F18andquadruplesit for FLoop). The
speed-upof theHMM stepis dueto thefasterFFT, thefoundercouplereduction,andsomeadditional
differencesbetweenthetwo programs.

Kruglyak and Lander(1998) statethat the HMM stepdominatesthe overall calculationof NPL
scores(andLOD-scoresfor loop-lesspedigrees)in all versionsof Genehunterexistingat thetime (ver-
sions1.0,1.1and1.2). Table2 providesevidencethat this is incorrect,andthat insteadit is thesingle
point calculationthatdominates.For Allegro,on theotherhand,theHMM calculationdominates,and
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it is clearthatspeedimprovementsherewouldbemostimportant.

6 Concluding remarks

Futureresearchand/orimprovementsto theAllegro programcould includethe incorporationof quan-
titative trait analysis,a way of dealingwith interferencein thecrossover process,handlingof different
recombinationratesfor thetwo sexes,anda robustway of dealingwith errorsthatunavoidablyexist in
thedata(includingbotherrorsin thegenotypedataandthemarker map).

It would beimportantif robustapproximationtechniques,thatwould enablelargerpedigreesto be
analysed,could be developed.Onewould alsolike to be ableto dealwith the fact that foundersmay
notbeindependent(i.e. unrelated)neitherwithin norbetweenpedigrees.It maybepossibleto estimate
how relateda pairof foundersis, andmake useof this,evenif it is eithernot possibleor feasibleto use
thedetailedpedigreeof their relatedness.
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Figure legends

Figure 3. PedigreeF24usedin runtimeexperimentation.Thebit sizeis 24or 25dependingonwhether
foundercouplereductionis usedor not. Filled in individualsareaffected,theothersaretreatedas
having unknown affectionstatus,andgenotypesarenot availablefor individualsthatarecrossed
over. ThepedigreesF18andF12areobtainedfrom F24by deletingunaffectedleaves.Seemain
text for moredetails.

Figure 4. PedigreeFLoop,containingasimplemarriageloop,usedin run time experimentation.If the
two foundercouplesareusedto reducethebit sizethis is a 17 bit pedigree;if not thebit countis
19. Filled in individualsareaffectedandgenotypesareunavailablefor crossedover individuals.


